We have studied numerically the quantum-classical crossover in the escaperate for an uniaxial spin system with an arbitrarily directed field. Using the simple quantum transition-state theory, we have obtained the boundary separating the first-and the second-order crossover and the escape-rate in the presence of the transverse and longitudinal field. The results apply to the molecular nanomagnet, Mn 12 .
the escape rate becomes analytic for the first-order crossover, but changes sharply around T 0 , in contrast with the second-order crossover. We also obtain the boundary between the two types of the crossover and find that the first-order regime is greatly suppresed by the longitudinal field in accordance with experiment [9] .
According to the simple quantum transition-state theory, [10] the escape-rate in the temperature range T ≪ ∆U is given by
where Γ m = ω(E m )W (E m )/(2π), ω(E m ) is the frequency of oscillations at the energy E m , W (E m ) quantum transition probabilities, and Z 0 the partition function in the well. It is evident from Eq. (1) that the nonanalyticity of the rate is not expected around T 0 for any escape process, even though the crossover can be sharp because of the exponential dependences of Γ m and thermal populations on the parameters. The rate for the first-order crossover, Γ I (T ) is not analytic in the exponential approximation, when the escape rate is approximately given by the dominant term in the summation. However, the summation over all energy levels in Eq. (1) smoothens this non-analyticity.
The model with an arbitrarily directed magnetic field is described by the Hamiltonian
The zero field Hamiltonian has uniaxial symmetry with easy axis along z and hard plane,
xy. H z is the longitudinal field which affects the height of the energy barrier, and H x is the transverse field which is responsible for quantum tunneling as well as for the reduction of the barrier. In the first approximation, this spin model describes the magnetic molecule
Within the thermally assisted model, the magnetization reversal occurs by quantum tunneling from thermally excited magnetic levels at magnetic fields which bring into resonance the levels m and m ′ belonging to different potential wells. Denoting m to be the escape level from the metastable well, the resonance condition is that the levels m and m ′ have the same energy when H z = kD where m ′ = −m − k and k is the bias index. The escape rate from any level is proportional to the product of the probability of the thermal occupation of that level and the probability of quantum tunneling from the level. In this respect, the dominat level for a given temperature is determined by the function [4] 
where it is assumed that the sum of the linewidths of the m-th and m ′ -th levels substantially exceeds the level spacing 
where h x,z = H x,z /(2DS). Writing the height of the barrier as ∆U ≡ DS 2 (∆u), m t is determined by the relation
where it is noted that, since ∆u = (1 − h z ) 2 in the absence of the transverse field, we obtain
Numerical calculation of ∆u of Eq. (4) leads to the results for m t (h x , h z ) shown in Fig. 1 .
Next, we consider the frequency of the real-time oscillations, ω(E m ) at the energy E m .
This quantity cannot be calculated with the use of the energy (4) in the spherical coordinate system in which the physical quantity which is equivalent to the mass of the system in a one dimensional case is unknown. Thus, for the mapping of the spin problem onto a particle one, the corresponding energy-dependent frequency is of the form
where x 1,2 are turning points in the particle potential U(x) for a given energy E. Introducing the parameter [2] p = (U sad − E m )/∆U, the specific form of p at a small value of h x becomes,
where p = 0 at the top of the barrier. This gives m/S = −h z , i.e., m = −k/2 which is related to m t discussed previously. After some trivial manipulation of Eq. (6), we obtain the dependence of ω on h x , h z , and m. As a result, the frequency of oscillation in f (m) can be numerically deduced by taking h x → 0. In this limit the frequency also can be computed for the spin model having the energy levels E m = −Dm 2 − H z m as the inversed density of states, i.e., the energy difference between neighboring levels at energy E. This is simply given by ω m ≃ −D(2m + k) for S ≫ 1. Now, in order to calculate the level splitting ∆E mm ′ , we first consider the formula of the perturbation theory [3] 
This formula is compared with the results from the direct numerical diagonalization. As is illustrated in Table I , there is a disagreement between them for levels with m < ∼ −6.
However, noting that m t (h x = 0, h z = 0.1) = −2 is shifted to m t (h x = 0.05, h z = 0.1) = −6, the level m = −6 or −7 is important to study the type of the crossover and the escape-rate around T 0 . Accordingly, we will perform the numerical diagonalization for the level splitting of f (m). from −S to m t , whereas the other way is that it performs some discontinuous jump. We call the former -the second-order crossover and the latter -the first-order crossover. As is shown in Fig. 2 , for the resonant field h z = 0.1 we have the first-order crossover for Strikingly, this feature is observed in a recent experiment, [9] in which the step positions shift abruptly at low temperature and high magnetic field. Employing these schemes in the whole range of h z , we obtain the phase boundary for the values of the transverse field, which is shown by the symbols in Fig. 3 . In the quasiclassical method, the order of the quantum-classical escape-rate crossover was determined by the sign of the coefficient in the expansion of the imaginary-time action near the top of the barrier [4] . In the perturbation method, the behavior of the result (8) is inserted into the calculation of the dominant level m d in the metastable well, whose behavior determines the type of the order. Using this method, the first-order crossover is found to be suppresed as compared to the quasiclassical method. This was noticed in Ref. [3] . However, as discussed previously, the corresponding level splitting is not quite correct, especially, near the top of the barrier, in which range the perturbation fails. The correct calculation based on the diagonalization method shows that the first-order regime is even more suppresed as compared to the perturbative results.
For example, in the unbiased case, the phase boundary becomes at h x = 0.114, 0.139, and 0.25 for the diagonalization, perturbation, and quasiclassical method, respectively. In Fig.   3 , there is no data point beyond h z = 0.8. The reason is that m t = −9 in this region and thereby it is meaningless to ask whether the shift is continuous or discontinuous in this region.
The values of the crossover temperature T Fig. 2 , we have found that the levels which, at a certain temperature, change by more than 1 are m = 7, 8 or 9 depending on the value of the resonant field.
In conclusion, we have studied the quantum-classical crossover of the escape-rate of a uniaxial spin model with an arbitrarily directed field. Employing the diagonalization method, we have obtained the dominant level for the thermally assisted tunneling and dependence of the escape rate on temperature. In comparison to the previously studied models, the first-order region is greatly suppressd, but still observable in molecular magnets.
It is also found that the first-order crossover is fairly sharp while the second-order the crossover is smooth. This is found to be strongly related with the discontinuous (continuous)
jump of m d in lower (higher) field h x . These results have been applied to the high-spin molecule, Mn 12 . They are also relevant to the study of nanoparticles. -9 3.14 × 10 −9 2.78 × 10 
